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!     	 S  Rn  	   (F,Ω)# 	 Ω ( 
	/  F (    	  C2
F : Ω −→ Rn
(x, y) → F (x, y).
6 ∆    4	/ 	 Ω  3  ∂∆ (   	       7	
γ  S˜   / 		   	 F  ∆! J  4 3  		
  / S˜ #         	   / S˜λ 		 
O 	  C2
F˜λ : ∆ → Rn
(x, y) → F˜λ(x, y)
 3  F˜λ|{γ} ≡ F |{γ}!
2 	 	   3 # 	   	O 4 3  
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 S 		  (F,Ω) (       Fx  Fy 
,
    	 R
 		  #  3 #  det G > 0#  3 
G = DF t ·DF, X!Y
 DF = [Fx Fy]n×2. 2  / S  		   (    	   	 Ω!
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det G dx dy. X!Y
$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 	   	  	 		   	 	
 F (x, y) = (x, y, f(x, y))  f = (f 3, ..., fn).
$   # 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    3 ! 0 	 C 	  S (    γ /  
	 		 
γ : [α, β] ⊆ R → Rn
t → γ(t) = F (x(t), y(t)).
5 3      C 		   t0 ∈ (α, β) ( 		  3 
γ′(t0) = Fx · x′(t0) + Fy · y′(t0). X!,Y
0   C (    t0  γ
′(t0) = 0.
6 	    	 	    3    S    
γ(t0) = F (x(t0), y(t0))#   		 	         
  4	# 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 S  γ(t0)  ( 		
 Tγ(t0)(S)! $   ( 7	  	  S  γ(t0)# 		
    	 
 Tγ(t0)(S)
⊥
#    	 (  (n − 2)! 0  4 N ∈ Tγ(t0)(S)⊥ (
7	 	 	 	  S     		 	    Fx  Fy!
$    	    	 	  / 3  @   3 
      	  (   	    (	!
 
B(N)2×2 = D2F ·N =
[
Fxx ·N Fxy ·N
Fyx ·N Fyy ·N
]
. X!RY
"	  &  6 	 - - 	   /# 		 
ϕ′(t)t ·B(N) ·ϕ′(t)  ϕ′(t)t ·G ·ϕ′(t)# # 	 ϕ′(t) = [x′(t) y′(t)]t! "	

ϕ′(t)t ·B(N) · ϕ′(t)
ϕ′(t)t ·G · ϕ′(t) . X!Y
5 3    	 (    3 	    ϕ′    @
B(N) 		 	  	  /  	   N ! 6  7		  
 	 ϕ′  3   		  	 	 	      
T !   # 	  X!Y 
k(N, T ) =
ϕ′(t)t ·B(N) · ϕ′(t)
ϕ′(t)t ·G · ϕ′(t) , N ∈ Tγ(t0)(S)
⊥, T ∈ S1 ⊂ Tγ(t0)(S), X!TY
3  (  	  	 S     4 		  N   T ! 2 	@ k(N, T )
( 7	 		 	  S  	 T    N ! $   
/ 	 k(N, T )#  N   T 	    9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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# 		   k1(N)  k2(N)!





'     /  H(N) 3    @	 
! 1 3    X!Y ( 3  	  3 	! 8#  
   /   /@ 	 3 
det (B(N)− λG) = 0. X!Y
    	 T
  #  G ( (  		 #     = G
1
2
3  ( 		
  (! & 	 X!TY 
k(N, T ) =
ϕ′(t)t · (G 12 )t · (G− 12 )t ·B(N) ·G− 12 ·G 12 · ϕ′(t)
ϕ′(t)t · (G 12 )t · (G 12 ) · ϕ′(t) =
φt ·M · φ
φt · φ = φ˜
t ·M · φ˜,
	 φ = G
1
2 · ϕ′(t)# M = (G− 12 )t · B(N) · G− 12  φ˜ = φ||φ|| . " B(N) ( (#







g(X,Y ) = X2 + Y 2 − 1 = 0  f(X,Y ) = φ˜t M φ˜! 0	  	 	 8
% {
fX − λgX = 0;
fY − λgY = 0.
X!AY
E   3 
fX = 2[1 0] M [X Y ]
t, fY = 2[0 1] M [X Y ]
t,
gX = 2X, gY = 2Y.





































& # det (M − λId) = 0#  #
det (G
1




2 ) ·B(N) ·G− 12 − λId
)





2 ·G− 12 ·B(N) ·G− 12 ·G 12 − λG 12 · Id ·G 12
)
= 0
det (B(N)− λG) = 0.
		  3  











6  	 	 X!RY 3  B(N) (   N #  	 X!Y 3  H(N) (
  N ! 2#    =  H ∈ Tγ(t0)(S)⊥  3 
H(N) = H ·N. X!Y
$  H  		 ( 7	 	 		  	 S!
"	 {e1, · · · , en−2}   4  	 Tγ(t0)(S)⊥! 5 3    H





 3  πk(H) (   	H    k( 		    4 {e1, · · · , en−2}!
&	  	   	  / 3  (  4 	   	!
$  &  	 S   	    	 		  H
	     
  	 	 X!Y  X!Y# H = 0 #    H(N) = 0#  3 3 
N ∈ Tγ(t0)(S)⊥! 2#  	 X!Y#   / /  @	 
tr (G−1 ·B(N)) = 0, X!,Y
 3 #
[(Fy · Fy)Fxx + (Fx · Fx)Fyy − 2(Fx · Fy)Fxy] ·N = 0. X!RY
2 3      4# 	 	  3  !
"	     N 	 F (x, y)! 6 7 3  N(x, y) ∈ C1  Ω! ' 3 
N · Fx ≡ N · Fy ≡ 0
2# 		 DF · N = 0   	 	    	  5 	 67M@
4
DF ·DN = −D2F ·N = −B(N). X!Y
    	 
8# 		     4 h : Ω → R, h ∈ C2#  	 =  λ
    / S˜λ 		 %
F˜λ = F + λhN.
   4
DF˜λ = DF + λhDN + λNDh
  G˜ = DF˜ tλ ·DF˜λ# 
G˜ = G− 2hB(N)λ + Cλ2,
	 C ( /   (x, y) ∈ Ω! &#




a0 = detG, a1 = −2h · tr (Gadj ·B(N)) X!SY
 a2 (     /  	 x, y  λ  (x, y) ∈ Ω!
" S (  #  3  	  / S˜λ ( 	    |λ| (  3 
   ε > 0#  	  det G˜ > 0!
&     	 	 S˜λ# A(S˜λ)#  3    	 X!TY  	 	





∣∣∣ < Mλ2 X!Y
 (x, y) ∈ ∆ ⊂ Ω# 	 M (    !
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6 f(x, y) (     4 /  	 (x, y) ∈ ∆# 	 	  








"  	#  7  / 	  / S˜λ  h(x, y) ≡ 1#






&	  @    % & '  $ S˜    	 

	  		   	  "	 " #  H(N) = 0# 
p ∈ Ω     N(p) = N  3  H(N) = 0! 2  H(N) > 0! 8#   
@7 V1 	 p  N(x, y) ∈ C1  V1  3  N(x, y) (   S  F (x, y)! 
 H(N) > 0   @7 V2# p ∈ V2 ⊆ V1! 6 7    h  3 







detG dxdy < 0
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"	 Ω   	/ 	 R2# f : Ω
C2−→ R    / S 		   
F : Ω → R3
(x, y) → F (x, y) = (x, y, f(x, y)).
5 3       N ( 		 
N(x, y) =
(−fx,−fy, 1)√
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F r(x, y) = F (x, y) + rN(x, y), r ∈ (−, ).






∣∣∣det [F rx F ry N ]∣∣∣ dA dr.








∣∣∣det [F 0x F 0y N ]∣∣∣ dA = ∫
Ω
√
1 + f 2x + f
2
y dA.




  DN  @ [Nx Ny]3×2# 	 	 3 
DF r3×2 = DF + rDN.
5 DN3×2 = DF3×2 · S2×2# 	 S (  	 	 I#  #
DN = [Fx Fy][S].
2
DF t ·DN = DF t ·DF · S,
 #
S = G−1 ·DF t ·DN.
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# S ( ( 
det2 [DF r N ] = det2 [DF (Id + rS) N ]
= det
[(
(Id + rSt) ·DF t
N t
)(




(Id + rSt) ·DF t ·DF · (Id + rS) 0
0 N t ·N
)
= (detG)[det (Id + rS)]2,










detG |1 + r tr S + r2 detS| dA.















detG tr S dA.
5 3  A(F 0(Ω)) (  / #    tr S = 0! 
 tr S = 2H!
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kmax = −kmin! 2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A(F r(Ω)) < A(F (Ω)).
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a + bt + ct2 dxdy,
	 a = 1 + f 2x + f
2





a + bt + ct2 = 1 + (f + th)2x + (f + th)
2
y.
2 ( 	 5P 	
√
a + bt + ct2  t = 0 ( 		 %
√
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	 4ac − b2 = 4(fxhy − fyhx)2 + 4h2x + 4h2y ≥ 0! 
 4ac − b2 = 0 #   
hx = hy = 0#  # h = 0! 8# (  	 / #  3 /!
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F (x, y) = (x, y, f(x, y))# 	 f = (f 3, ..., fn)  	 f 1(x, y) = x  f 2(x, y) = y!
6 S    /  Rn 	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	  F (x, y)! 5  3 
Fx =
(




0, 1, f 3y , · · · , fny
)
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f(x, y) = cosh−1
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x2 + y2.
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g11 = g22  g12 = 0, X!RY
 
G = λ2Id,  3  λ = λ(u, v) > 0 X!Y
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Fu · Fu = Fv · Fv  Fu · Fv = 0.
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Fuu · Fu = Fuv · Fv = −Fvv · Fu.
&
∆F · Fu = 0.
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∆F · Fv = 0.
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∆F ·N = Fuu ·N + Fvv ·N = tr B(N).
  X!Y  H(N) = tr B(N)
2λ2
. 8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∆F ·N = 2λ2H(N).
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∆F ·N
2λ2
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u − ifkv ; ζ = u + iv. X!TY


























2 = ||Fu||2 + ||Fv||2. X!Y
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− a− ib, b + ia
a2 + b2
− b + ia, 2
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(dx + idy)
= (αx− βy, γx− δy, x),
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a2 + b2 − 1 =
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− 2m ≥ 2k − 2m, X!TY





KdA = −4πm ≤ 2π(2− 2G − 2k) = 2π(χ− k).
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f(ζ) =
anζ
n + · · ·+ a1ζ + a0
(z − c)m , n,m ∈ N,




(z − c)m , a0 ∈ C \ {0}.
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"7	 η = ei
θ





























+ uv2, −v − u2v + v
3
3
, u2 − v2
)
,
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J 	 m = 1  c = 0  3 
























































ζ − c + i(ζ + c) +
ic2













2πi(1− c2), 2πi(i + ic2), 4cπi)] = 0.
   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2) (
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a0c
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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	 3  c  a0    !    		  3  a0(1− c2)
( #  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+ iζ, 2 ln ζ
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dζ = 0#   / 3  Re{a02πi} = 0!
&# a0 ( ! 2# @	 ζ = e
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+ iζ, 2 ln ζ
)]
= a0 Re (− coshw, i senhw,−2w) .
84	 3 
cosh(u + iv) = coshu cos v + i senhu sen v

senh (u + iv) = senhu cos v + i coshu sen v.
5 3    / S ( 		 
a0(− cosh u cos v, cosh u sen v,−2u),
3  (   G	!
J 	 m = 4  ∫ ∞
t0
|f |(1 + |g|2)dA <∞.
 3 	 m > 4 ∫ ∞
0
|f |(1 + |g|2)dA = 0.
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K dA < 0.
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= 1||∇F || ·∆F − 1||∇F ||2
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∆F − 1||∇F ||(∇F )(||∇F ||)
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,
	 ∆ (  	 8  ||∇F ||i 	  	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
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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  (∇F )(||∇F ||) = ||∇F ||∆F 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	- )	 3      M  p ( TpM = Ker(dFp) =
{v ∈ R3|〈v, (∇F )p〉 = 0}! 2# (∇F )|M (     4 M  N = ∇F||∇F || |M  
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∆F = tr (∇2F ) =
2∑
i=1
(∇2F )(Ei, Ei) + (∇2F )(N,N), X!,Y
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 
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(∇2F )(Ei, Ei) = 〈d(∇F )(Ei), Ei〉.
" (∇F )(||∇F ||) = d (||∇F ||) (∇F )#  d(∇F )(Ei) = Ei(∇F )! $4	 3 
N = ∇F||∇F || # 4
(∇2F )(Ei, Ei) = 〈Ei(∇F ), Ei〉 = 〈Ei(||∇F ||N), Ei〉.
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(∇2F )(Ei, Ei) = Ei(||∇F ||)〈N,Ei〉+ ||∇F ||〈dN(Ei), Ei〉.
" N  Ei  # 〈N,Ei〉 = 0! 8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(∇2F )(Ei, Ei) = ||∇F || tr (dN) = 2||∇F ||H. X!RY
&   	#
(∇2F )(N,N) = ||∇F ||−2(∇2F )(∇F,∇F ).
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= ||∇F ||−1[ ||∇F ||x ||∇F ||y ||∇F ||z] · ∇F
= ||∇F ||−1d||∇F ||(∇F ) = ||∇F ||−1(∇F )(||∇F ||).
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#  4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||∇F ||∆F = 2||∇F ||2H + (∇F )(||∇F ||).
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γ : (u0, u1) → R3
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 	 #  3  γ′(u) = t(u),∀u ∈ (u0, u1)!
6 n(u)  b(u)     4  # #   3 O
	 -
t′ = κn, n′ = −κt− τb e b′ = τn.
&	   M   X!TY# 	 1 = n  2 = b!  
 c′  c′ = αt + βn + δb#   O α# β  δ 3  		  	 u!  
	#  	 eG− 2fF + Eg = 0 ( 		 
1
||Xu ∧Xv|| [a1 cos 3v + a2 sen 3v + a3 cos 2v + a4 sen 2v + a5 cos v + a6 sen v + a7] = 0,

   	 ,









(rκδ′ − δ(6κr′ + rκ′)),
a5 = − r22 {3r3κ3−4αβr′+r[8α2κ+3β2κ+3κ(δ2+2r′2)−2βα′+2α(δτ+β′)]+2r2(r′κ′−κr′′)},
a6 = r





' 3    O {cos(nv), ((n+1)v) : n ∈ N∪ {0}}   		#
 3  ai = 0, i = 1, ..., 7! 64 3  r > 0  κ > 0#  	 	 a2 = 0
		 @ 3  β = 0#   δ = 0  β = 0 / 	 a1 = 0 3  β2 = −r2κ2#  3 
(   4 	! 8#  4 	 β = 0  a1 = 0 7  δ
2 = r2κ2. 2# a4 = 0
   r′(−5rκ2) = 0,  r′ = 0.   a3 = 0  / 3  α = 0. 6 4 	
 	   a5 = 0 7  r
5κ3 = 0#  3   r = 0  κ = 0!   
	@  7G! &# t 	       	!
'    "  >  !(?0  !
" "
1 	(	 	 TS#   I 4 G  	 
	  / /#    8 !S! 6     G 
∆X = 2HN,
	 X (    / 	  / S    	 		# X =
(x1, x2, x3) : S → R3# N    	 D   H      (	! 6	 X /
 3  	   		 xi# i = 1, 2, 3# ( 7>#   	   	 
	     7>  	 x∗i # i = 1, 2, 3,  3  ∇x∗i = Rotπ2 (∇xi)  




3)#  VW! $ 	 Rotπ2  
     	 TpS    F 
π
2
 	 ! 2 
dX∗ = −dX ◦Rotπ
2
 3  X  X∗   O  3  Ψ = X+ iX∗ @
dΨ ◦Rotπ
2
= idΨ!   # Ψ ( 7 
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   	 ,A
"	 Γ   # 		  X!,RY# 	 G   
#  3  	     x1x2! 5 3 
g = Γ ◦N : S −→ C ∪ {∞}
(  3 	 DN = 0. 2# g (       S!  
dh = dx3 − idx3 ◦Rotπ
2
! &	       # VW%
	 '* >    c   	  X(S)  c 




	 #   
dg
g
(c′)dh(c′) ∈ R. X!SY
	- 5 	 "/   3   	 	 I ( 		 
S2×2 = G−12×2 ·DXt2×3 ·DN3×2.






g−1 − g, ig−1 + ig, 2) dh.
8
Xu − iXv = 1
2
(
g−1 − g, ig−1 + ig, 2)h′.
$4	 3  Xu − iXv ( /#  Xuu = −Xvv! &
∂
∂z








(Xu − iXv) = 1
2
(Xuu − iXuv − iXuv −Xvv) = Xuu − iXuv.
&   	#
Xuu − iXuv = ∂
∂z
(Xu − iXv) = 1
2
(−g−2 − 1,−ig−2 + i, 0)g′h′ + 1
2
(



















   	 R








" Xu  Xv    N # 4











2Re {g}, 2Im {g}, |g|2 − 1)〉
= − 1|g|2 + 1
[




= − 1|g|2 + 1
[
























" G = λ2Id# 	 λ = 1
2



































(du2 − dv2 + 2i du dv)
)











2   c ( G          #  (# #    dg
g
dh|c′ ∈ iR!
&   	# c (   c′ ( 	  	  / S#  (# c′ (  
	 S! 1  Ŝ ( @ 	  4 {c′, Rotπ
2







0    3 3   / S  R3 (   7  #     
   	(         ! 0     S 3 

   	 R
 (   7     		 	  	( #     
      /!   #  N ′    /#  3  N ′ = λα′#
λ = λ(t)! 6 α ( 4( 	(#  α′′ = βN #   α′′ = 0 X α  ( Y#
 N = bα′′# b = 1
β
! 8 λα′ = N ′ = b′α′′ + bα′′′#  α′# α′′  α′′′  
		#  3     !   	 α ( #   ( 	(# 
 (    /! )#  α  	    
 /#  N   #  〈N,α′〉 = 0# 〈N ′, α′〉 = λ = 0 X α  (
Y  〈α′′, α′〉 = 0# α′ = 0 X α  (    @	   	
Y! $ # α′′ = βN #  α ( 	(!
2 	   X!SY  	(  	     !  
X!SY  3  	(  	   	 X∗#  # 	 X∗
(   	 	 X! $     /   	   	(  (
   	  #       	   	 (   !
$ / 	 L 	 67M@   / /  3    
 L   	     	 
◦
 #  VW!
8 ', , # 	 /	  3  	 
  #  	 	 /	 	 	3  	
	- 27   	(    / / @	   	 	
O 	 8 !R ( 3   7       	( !
6 7 3     / / S (    	  L! 6 	 	
		 	   3  L (    	  x3 	  ! 2  /
 	 S∗ 	 S     	(  7@! "   O 		
	 S  7># z := x3 + ix
∗
3 	   F    @7 	 L!
 z = u1 + iu2  	 S 	 	 3  (x1, x2, x3)(0) = 0! 
x3(u1) = u1, x
∗
3(u1) = 0  x1(u1) = x2(u1) = 0.
2 x3 + ix
∗
3     	  	     # 3  x1 + ix
∗
1
 x2 + ix
∗
2       ! $ &/ 	 )L 	
67M@   O /   3 #      / f 		
  @7 	    	        7 l ⊂ C# 
f(z) = ρ ◦ f(z)# 	 ρ ( L  l! 2( 	#  f ( 		   @7 	  

   	 R
	 	  #   	 f  f(z) := ρ ◦ f(z) ( /   @7
	 !
0 @ 3   L    ( z → z X z → −z  
Y# 	   3 
(x3 + ix
∗






k)(z) = −(xk + ix∗k), k = 1, 2.
2#
X(z) := (x1, x2, x3)(z) = (−x1,−x2, x3)(z),









. (# S ( (     	  x3  S
∗
( (  L  
x1x2#  7/ 	!
' '   -  @A
"	      / F 		 
F = {(c(t), n(t)) : t ∈ I ⊂ R},
 /	 	     c : I ⊂ R → R3   /  c′(t) = 0#   
c′(t) = 0     	 t 	   4 I#    
 n : I ⊂ R→ R3   /   	 c#  ||n(t)|| ≡ 1  〈c′(t), n(t)〉 ≡ 0!
$ 4 	 *¨   7    / / 		  X :
Ω → R3  I ⊂ Ω# Ω  #  3     	O  %
(i) X(u, 0) = c(u), para todo u ∈ I,
(ii) N(u, 0) = n(u), para todo u ∈ I.
6	 N : Ω → R3   	 X VBW!
8 '+ F	 $$	 ! 	  F = {(c(t), n(t)) : t ∈ I ⊂ R}  	%
 GH	  !   X(u, v)  	









   	 R,
w = u + iv ∈ Ω u0 ∈ Ω  Ω     !  I ⊂ Ω  $ 
	  E  c  n 	
 -< '. &      -   X˜(u, v) ∈ Ω˜  	
  X(u, v) = X˜(u, v) 	 u + iv ∈ Ω ∩ Ω˜
	- 6 7 3   4 	 *N 7     X(u, v)# 		
 	/   Ω#   X∗(u, v) : Ω → R3    /  	 
X∗(u0, 0) = 0# u0 ∈ I! 
f(w) = X(u, v) + iX∗(u, v), w = u + iv ∈ Ω,
(     G  X = ) f 
f ′ = Xu + iX∗u = Xu − iXv.
0 @ 3  Xv = N ∧Xu#   3 
f ′ = Xu − iN ∧Xu.
2
f ′(u) = c′(u)− in(u) ∧ c′(u),
 
f(u) = c(u)− i
∫ u
u0
n(t) ∧ dc(t), qualquer u ∈ I.
. 
f(w) = c(w)− i
∫ w
u0
n(w) ∧ dc(w), para todo w ∈ Ω, X!AY
 4  	   O 7 	 w!   	# X 	  	  X!Y#
3  	 @   		! 2 	  3  X!Y ( 	     	 4
	 *N! & # 	    7 f : Ω −→ C3 		  X!AY!
& w ∈ I# 
Re f ′(w) = c′(w), Im f ′(w) = −n(w) ∧ c′(w).
0 @ 3    c′(w)  c′(w) ∧ n(w)    9   #
 3 
〈f ′(w), f ′(w)〉 = 0, para todo w ∈ I,


     RR
 
〈f ′(w), f ′(w)〉 = 0, para qualquer w ∈ Ω.
2# X(u, v) = Re f(w)# w = u + iv ∈ Ω# (    / /!  	 	# c(w)#
n(w)  c′(w)    w ∈ I#  		 @ 3 
X(u, 0) = Re f(u) = c(u), para qualquer u ∈ I, X!Y

Xu(u, 0)− iXv(u, 0) = f ′(u) = c′(u)− in(u) ∧ c′(u), u ∈ I.
2#
Xu(u, 0) = c
′(u) e Xv(u, 0) = n(u) ∧ c′(u). X!Y
2( 	 
Xv(u, 0) = N(u, 0) ∧Xu(u, 0).
&   	
〈Xu(u, 0), Xv(u, 0)〉 = 0
 	
〈n(u), c′(u)〉 = 0, ||N(u, 0)|| = ||n(u)|| = 1,
 / 3 
N(u, 0) = n(u).
%% +    
1    ) 	   / / 3   
7	   9! 64  5 !, 3    9  
 ! 5  F 	 7     # 	 	 3 
M ∩ {z = c}#   4# (  7G    9#     
 	   (α(z), z) = (α1(z), α2(z), z)  r(z)# 	 α1# α2 
r   O 	  C2 		    4 (z0, z1) ⊂ R!   
E ′  		    z 	 3 3   E(z)! & 9#   
     x = x1  y = x2#  	 R
2 × R  R3!


     R
' 	    @ X    / 3  	
   	  9     #  VTW!
"	   
F : R2 × (z0, z1) → R
(p, z) → F (p, z) = ||p− α(z)||2 − r2(z),
	 p = (x, y) ∈ R2! 6 M ⊂ F−1({0})    /! 5  8 ! 3  M (
/ #   
F 2z + ||p− α||2(2 + Fzz) + 2〈p− α, α′〉Fz = 0 X!Y
 M !   # 4	 3  F (p, z) 	   
F (x, y, z) = (x− α1(z))2 + (y − α2(z))2 − r2(z),
	  3  Fxi = 2(xi − αi(z))# Fxixi = 2# Fxiz = −2α′i(z)# i = 1, 2# Fxy = 0 
Fz = −2(x−α1(z))α′1(z)−2(y−α2(z))α′2(z)−2r(z)r′(z)! ' 	   
 (∇F )(||∇F ||)    	 		  	 F ! 5 3 
(∇F )(||∇F ||) =
[






= ||∇F ||xFx + ||∇F ||yFy + ||∇F ||zFz
= 1||∇F || [Fx · (FxFxx + FyFyx + FzFzx)+
Fy · (FxFxy + FyFyy + FzFzy) + Fz · (FxFxz + FyFyz + FzFzz)].
6	 M /#  ||∇F ||∆F = (∇F )(||∇F ||)#  #
||∇F ||2∆F = Fx · (FxFxx + FyFyx + FzFzx)
+Fy · (FxFxy+FyFyy + FzFzy) + Fz · (FxFxz + FyFyz + FzFzz).
6 4 	
||∇F ||2∆F = (F 2x + F 2y + F 2z )(Fxx + Fyy + Fzz)
   	 Fxx# Fyy  Fxy# 	 @	  		 O# 7 
(F 2x + F
2
y )(2 + Fzz) + 4F
2
z = 2(FxFzFxz + FyFzFyz).


     RT
8#
4[(x− α1)2 + (y − α2)2](2 + Fzz) + 4F 2z = −8[(x− α1)α′1 + (y − α2)α′2]Fz.
2
||p− α||2(2 + Fzz) + F 2z + 2Fz〈p− α, α′〉 = 0,
 3 /!
$4      3  	   	  	  
9!  M  ||p− α(z)||2 = r2(z)#  3  F (M) = 0#  
2〈p− α, α′〉 = −(||p− α||2)z = −(F + r2)z = −Fz − (r2)′. X!,Y
6 4 	 X!,Y  	 X!Y  3   		 	 M (  










































, i = 1, 2,
  O 3  G 		 	 z#  Fz
r2











= 2〈a, p〉+ c X!TY
  a = (a1, a2) ∈ R2# c ∈ R!  	 X!TY    xi 4




&#   	    7@ 		 	  # 	 
	   		 	  	  9 M ∩ {z = c}!


     RS
2 3  X!,Y  	@ 3  Fz = −2〈p− α, α′〉 − (r2)′#  Fzz = 2||α′||2 − 2〈p−
α, α′′〉 − (r2)′′! 6 4 	 α′ = −ar2  	  O 4
Fz = −2〈p− α,−r2a〉 − (r2)′,
Fzz = 2|| − r2a||2 − 2〈p− α,−2rr′a〉 − (r2)′′,
     @  X!RY# 4 3   		 	 M ( 		 
2||a||2r6 + r2(2− (r2)′′) + (r2)′2 = 0, X!SY
3  (    $      r2(z). &  X!SY# 	 r2(z) = q(z)
 4 3   ( 3  








(−q′2 + qq′′) = 2q′
q3
(














  λ ∈ R. $4 3  ||a||2q− 1
q






||a||2q3 − q + λq2, X!AY




√||a||2q3 − q + λq2 .
"		 q   #      	M # 3  	   		




∫ q du√||a||2u3 − u + λu2 . X!Y
'  @  O 4	    @ X! &
 	     # 3  	  v#     9!
"	    9 	  (α, 0)  	  r! 2 
α(z(q)) +
√













     R
	 0 ≤ v < 2π!  =  		   	   		 	 X# 
 		      ! &#     @ X 	
M
X(q, v) = f(q)(a, 0) +
√
q(eiv, 0) + (0, z(q)), X!Y
	 f(q) = −1
2
∫ q udu√
||a||2u3−u+λu2  z(q) ( 		  X!Y!
$4 3  f(q)(a, 0) 	   	  	  9#  

√
q(eiv, 0) @   9 7@  (0, z(q))    9
   z(q)! " q = r2 ≥ 0# 	 3  ||a||2q3 − q + λq2 4 3    
q1 ∈ R+  3   3 3  q ∈ [q1,∞)  ||a||2q3 − q + λq2 ≥ 0! $4
4( 3   	 	 z(q) (     #  z (     !
- q1  	    	  	 z(q)  f(q)  	  
O (! 2 4# 	 z(q)  3    9 	   	
 / M ( 		      z = 0#  	 f(q)    	
  9 ( 		 7@    	 R
3
!
"  X!AY   @ #   / M   	  
z ≥ 0! & 4    /   z ≤ 0    4	  z = 0#
4   @ ! 2   	 	   / / (    /
/  5 !T#  3     	 4 	   	
       @!   # 	 X!Y  3 
X(q, v) = f(q(z))(a, 0) +
√
q(z)(eiv, 0) + (0, z).
2






iv, 0) + (0, 1)




(eiv, 0) + (0, 1).
-@	   3 	 q 	  q1# 7 
Xz = −q1(a, 0) + 1√
q1
· 0 · (eiv, 0) + (0, 1) = (−q1a1,−q1a2, 1).
6   @   X!AY# 4   	    
3  Xz# 	 	 3        z = 0#     /
   z ≥ 0 3      z ≤ 0#   !


     RA
2#   	 #    3  a = (0, 0)  a = (0, 0).
 # a = (0, 0)!   C
1   @ X ( 		 
X(q, v) =
√
q(eiv, 0) + (0, z(q)),




du√−u+λu2 ! & 	 q1  	 X!Y 3    λ ( 
   3     u→ −u+λu2 (   (−∞, 0]∪ [ 1
λ
,∞)! "
 	    3  q ≥ 0# 	  q1 = 1λ ! 1  























3  (   G	  	   z ≥ 0#     9 	  
  	    z = 0! 6 	  @   X!AY# 4  
G	 	   z ≤ 0! 2   	 	   / 4	 ( 
G	!
!
 # a = (0, 0).     
 	   L 9 	  a 4   /! $4 3 
 a = a1 + ia2 ∈ C   	 C 	 f(q)  z(q) #  3  4
		 G 	 ||a||! 6   	  9     	  F 
  	  ! 2# 	  a = (a, 0) ∈ R2# a > 0! &# 
		 	 3  X!Y    u(a2u2− 1+λu)!   	   
#    u→ u(a2u2−1+λu) (   [ 1
2a2




(−λ +√4a2 + λ2)     	 ( [ q1,∞)! "   
	 # 7 za,λ(q)  fa,λ(q)   O  4	! 
 
3    a (     	 7! . ( 	     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& 3]9#  O /Xa,λ(q, v)  X1,λ
a
(aq, v)  	
 3  √

































2 3  X!,Y  3   	  /  	  7
 	 @
√
a! 2# 	   3  a = 1#    / G 		
	 F  λ!    
Xλ(q, v) = fλ(q)(1, 0) +
√






















'  	    	  / 3 	 q   
[q1,∞)! "7 Mλ   	 Xλ : [q1,∞)× [0, 2π) → R3! 1 3    	
	  9 Mλ ∩ {z = zλ(q)}     y = 0# 	 	 	
		 @ 3  Mλ ( (  L  y = 0#   3  7 Π!




  @ 3 	 q →∞! D#   	@ 3  Mλ 
	    7@ 	 
F(0, ζ) = {(x, y, z) ∈ R3 | 0 ≤ z ≤ ζ},


     
 3  ζ = ζ(λ) = limq→∞ zλ(q) > 0.
' 3    	 Mλ   	    z = ζ! '
3  Mλ ( (  L  Π! 5 3     q ∈ [q1,∞)#   9
Mλ∩{z = zλ(q)}  Π  	    	F!    
 A(q)  B(q)# 3   4	 @	 sen v = 0  X!RY! 2 O  A(q) 

























4 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(− cotα + ℘) (tanα + ℘) = ℘′2
℘4
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
     T
-  !T%   γ1  γ2
" Mα (   #      	 7 ( 	    4
B = {γ1, γ2}# 	 γ1  γ2   	   ℘(γ1)  ℘(γ2)# #
	  -  !T!





(φ1, φ2, φ3) = 0 e Re
∫
γ1
(φ1, φ2, φ3) ∈ {y = 0}.
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(a + ib)(c + id) = (ac− bd) + i(bc + ad)
(a− ib)(c + id) = (ac + bd) + i(ad− bc),
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|g| (1 + |g|2)− 2|g|3
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α(t) = (x(t), y(t), 0).
6    x(t) ( #    /   	       x!
" #     t0  3  x
′(t) = 0   @7 	 t0! &	 
    (x, y(x), 0)   @7 	 α(t0)! 2  	  /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X(x, v) = (x, y(x) cos v, y(x) sen v).
2 	 H = 0 3  
1 + y′2 = yy′′. X,!Y
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log(1 + y′2) = log y2 − log a2,
	 a = 0 (   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X : U −→ S
(u, v) → X(u, v) = α(u) + vγ(u).
 α  γ  	  R3  α′ = 0
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X(u, v) = (u cos av, u sen av, bv),
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X(s, t) = α(s) + tβ(s),
	 α(s) (     	    	 M  β(s) 	    # 
 	 α#  	 	  	  α(s).
2  3  α  β  @	   	 ! 0 
     X ( 		 
N =
α′ × β + tβ′ × β
||Xs ×Xt|| .








′, α′ × β〉+ t〈β′, β′ × β〉} , g = 0, F = 0, G = 1 e
E = 〈α′, α′〉+ 2t〈β′, α′〉+ t2〈β′, β′〉.
6  3  X (    / / #   
〈α′ × β, α′′〉+ t(〈β′ × β, α′′〉+ 〈α′ × β, β′′〉) + t2〈β′ × β, β′′〉 = 0.
$4	 3   3   (   >   t# 4
(i) 〈α′ × β, α′′〉 = 0,
(ii) 〈β′ × β, α′′〉+ 〈α′ × β, β′′〉 = 0,
(iii) 〈β′ × β, β′′〉 = 0.
X,!,Y
  X,!,YXiY   3  α′′ 	    	  α′  β! 
#   @ 3  α
( @	   	 # α′′  α′  	 ! 8# α′′ ( 
 β! 6  3  〈β′×β, α′′〉 = 0  #  3  X,!,Y(ii)    〈α′×β, β′′〉 = 0!
&  / 3  β′′      	  α′  β#  
β′  β! 2  	 	  (     4 	   β.
6     	 β′′ (   β#    @7 	 # 
	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	  α′ (   β′!   	#  @7 
3  (β × α′)′ = β′ × α′ + β × α′′ = 0! 8#   	  β  α′ ( !
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 /#  (   	 
 	 α!
6 β′′ (   β  	    α′  β′       #
     @7 	 ! 2 3         	
α  !   #  VAW#   @ 3  k = 〈α′′, β〉 4
±dk
ds
= 〈α′′, β〉′ = −〈α′, β′〉′ = −〈α′′, β′〉 − 〈α′, β′′〉 = 0.
" ±τ = 〈α′ × β′, β〉 
±dτ
ds
= 〈α′ × β′, β〉′ = 〈α′′ × β′, β〉+ 〈α′ × β′′, β〉+ 〈α′ × β′, β′〉 = 0.
2# τ  k  ! 6  3 #   	  /	# α 	 
@	 
α(s) = (A cos as,A  as, bs),
	 A2a2 + b2 = 1. " β (   α′′# β(s) = ±(cos as,  as, 0)! 6 
u = A± t  v = s#  4
X(u, v) = (u cos av, u  av, bv).
&# M (  	   7G	!
"	    /   ( (x, y, f(x, y))! ' 
3   f ( 7>#    / (  7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   F : Ω ⊂ R2 → R3  3  F (x, y) = (x, y, f(x, y))# f ∈ C2  Ω (   4
  	 R
2
! "	 fx = p  fy = q! 6	 f 7>#  f
∗
7>  	  3  F = f + if ∗ ( /!   	 ∂F
∂(x+iy)
= p − iq (
/! 2    3   		  	
∂F
∂(x+iy)




= px − iqx = −qy − ipy ≡ 0!
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      47 (x, y) ↔ (p,−q)! 2
(x − iy)(p + iq) 7  xp = −yq! 
 xdp + ydq (   d(pdx + qdy) =

 & '	 S
(py − qx)dy ∧ dx = 0!  pdx + qdy ( 7	    #  !

 3  pdx + qdy    3  xdp + ydq 4( ( !  	  
   7	 γ# 	 Γ = (p, q)(γ)    ! 8#  	  5
	 D ∮
Γ
x(p, q)dp + y(p, q)dq =
∫∫
intΓ





) ∣∣∣∣∣ px pyqx qy
∣∣∣∣∣ dxdy.



















−py∣∣∣∣∣ px pyqx qy
∣∣∣∣∣
e xq =





x(p, q)dp + y(p, q)dq =
∫∫
intγ
(−py + qx) dxdy.




pdx + qdy =
∫∫
intγ
(−py + qx) dxdy,
 3   ∮
Γ
x(p, q)dp + y(p, q)dq = 0.
& xdp + ydq ( !
  	#  ν  3  x = νp  y = νq! 2# νpp + νqq = xp + yq = 0#
	 ∆ν = 0! "	 W =
√
1 + p2 + q2  	 q
W
= P # − p
W
= Q! " S (
/#   3  X!Y#  3 #
−Qx + Py = 0.





(Qx − Py) dxdy = 0,

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 Pdx+Qdy ( ! )	  	 #  / 3  xdP + ydQ
( ! &











 3  [
(1 + p2)νpp + 2pqνpq + (1 + q
2)νqq
]
dp ∧ dq = 0. X,!RY
" ν ( 7># 
p2νpp + 2pqνpq + q
2νqq = 0.
2  	  
τ(s) = (p, q)(s) = (1 + s)(p0, q0),
  
ν(τ(s)) = ν(p(s), q(s)).
" p(s) = (1 + s)p0  q(s) = (1 + s)q0#  p
′ = p0  q′ = q0!  	 ν(τ(s)) 




′ + νqq′ = νpp0 + νqq0,






0 + 2νpqp0q0 + νqqq
2
0. X,!Y
  X,!Y 4 ν ′′ = 0   	   τ(s)#  # ν(τ(s)) = as + b# a, b ∈ R!
5 4( 3  	   τ(s)   ! 8# ( /  
@ 
p + iq = eu(cos v + i sen v).
  	# ν˜(u, v) := ν(p(u, v), q(u, v)) ( 4( 7>#  ν˜(u, v) = a(v)eu+b(v)!
8
0 = ν˜uu + ν˜vv = (a + avv)e
u + bvv = 0.
$4  (a + avv) = 0  bvv = 0#    O  a = A1 cos v + A2 sen v 
b = B1 + B2v! &#
ν˜(u, v) = A1 e
u cos v + A2 e
u sen v + B1 + B2v,
  	  	!( S,
	 





x = A1 − B2 q
p2 + q2




6	 B2 = 0#  (x, y) ↔ (p, q) ( 47#  3 
fx = p =
B2(y − A2)
(x− A1)2 + (y − A2)2 e fy = q = −
B2(x− A1)
(x− A1)2 + (y − A2)2 .
&
f = B2 arctan
x− A1
y − A2 .
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X(u, v) = (u, v, h(u, v)),
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huu = f
′′(u)# huv = 0  hvv = g′′(v)# 4 3  X!Y 	 @ 
f ′′(u)
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 u  v  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a! 6 a = 0  f  g    M (  	   ! " #  	 
3 O
f ′′(u)
1 + f ′(u)2
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f(u) = − 1
a
log(cos(au + c))! -@	   c 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 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